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Course at a glance

Discrete-time
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System
analysis
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MM1 System

Sampling and
reconstruction

Fourier transform
and Z-transform

Filter design

MM5
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Part I-A: Fourier representation

Fourier transform and frequency response

o Frequency-domain representation of discrete-time
signals and systems

a Fourier transform theorems
Z-transform
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Signal representation & system response

Impulse response of LTI systems

il = 8] = yin] = i

A sum of scaled, delayed impulse

o0

= S alkloln-k] = yInl= Xk~ k1= x[n]* hin]

k=—x

k=—0

Convolution sum!
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System response to complex exponentials

Complex exponentials as input to LTI system h[n]
xn]=e’", —w<n<o
Ml =T{e'™}= 3 hkJe/
- k=—0
= (kR e
k=—c0 I
Define  H(e™)= ih[k]e’f”k Frequency and impulse
k=—0

Then =3 responses are a Fourier
yn]=H(e™)e™ transform pair

-> signal representation based on complex exponentials, i.e.
Fourier representation.
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Fourier representation

Fourier representation of a sequence: Fourier transform and the inverse
Fourier transform

X)) = ix[n]e_j‘”", x[n]= %J‘_ﬂﬂ X (')’ dw

n=—o0

FT “is an operation that transforms one function (typically in the time
domain) into another (in frequency domain). So the FT is often called the
frequency domain representation of the original function & describes
which frequencies are present in the original function. The term FT
refers both to the frequency domain representation and to the process or
formula that "transforms" one function into the other.”

“Fourier transform defines a relationship between a signal in the time
domain and its representation in the frequency domain. ... The original
signal can be recovered from knowing the Fourier transform, and vice
versa.”
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System input and output

x[n]=e’" — y[n]=H(e') /™
1 7 Jjoy jon 1 4 jo jo jon
x[n]:—J' X(e/)e!™de» — y[n]:—j X (') - H(e/”)-e'™dw
27 -7 —_— 27 d-x B E—

Input: X (e’?) — Output: X (e’?)-H(e’®)

] =ln] == ] =]
A= $akIoln— k] == rl= STk 4]

k=—x

k=—
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Frequency response

The frequency response of discrete-time LTI
systems is always a periodic function of the
frequency variable w with period 27 .

H(ej(a)+27r)) — Zh[n]e—j(a)+2ﬂ)n — Zh[n]e—jwne—jbm — H(ejw)

n=-—00 n=—o0

o Only specify over the interval —z <o <7
o The ‘low frequencies’ are close to 0
o The ‘high frequencies’ are close to +r
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Frequency response

Frequency response is generally complex

H(") = Hy(e")+ jH, (")

=| H(e’”)| /""" describes changes in magnitude and phase
Frequency response of the ideal delay system
ynl=xln—n,1 — hln]=6[n—n,]

o0
Calculate Fourier — H(e/”) = 25[,1 —n,le /" =i
transform oo

Hy(e’?)=cos(wny),  H,(e’”)=-sin(an,).

| H(e!”) |=1, ZH (/) = —oon,.
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Ideal frequency-selective filters

For which the frequency response is unity over a
certain range of frequencies, and is zero at the
remaining frequencies.

o ldeal low-pass filter: passes only low and rejects high

wpass filter wing (a) periodicity of the frequency response

Figure 2.17  Ide
nd (L the periodic frequency response. AALBORG UNIVERSITY

and (b) one periac




Sufficient condition for Fourier transform

Condition for the convergence of the infinite sum
| X (™) =1 X xlnke ™ |

< i| ]l |

Si|x[n]|<oo

If x[n] is absolutely summable, its Fourier transform
exists (sufficient condition).
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Example 1: Exponential sequence

Let in]= a"u[n]

The Fourier transform of it

X(ejw) — iane—jwn — i(ae—ja})n
n=0 n=0

:% |f|a|<l
l-ae™”
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Example 2: ideal lowpass filter

Frequency response  , (o _) b l@l<e
lp(e )_
0. dow|gx
_sinw,n

1 (o ;
h/p[n]sz_w‘ejw"dw— p— —00<n<wo

o Noncausal.
o Not absolutely summable.

. 2 Sinaw,.n
Hlp(ej ): Z

n=-0n

e/

, M osinwo.n _;
joy _ < —jon
H, (e™)= Z €
n=-M
FJgum 2:1.“.‘Il\.'o.:'r'fr-;grlr;e of the Fourier transform The oscitlatory behavior at
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Example 3: a constant sequence

Constant sequence ] = - [ X(®)e™ do

2r
x[n]=1 , i _
where X (e’”) =Y x[n}e"

Its Fourier transform is defined as the periodic
impulse train

X(e)= Y 278(c+ 21

r=-ow
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Part I-B: Fourier transform theorems

= Fourier transform and frequency response

o Frequency-domain representation of discrete-time
signals and systems

o Fourier transform theorems
m Z-transform
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Linearity of the Fourier Transform

X(e®) = ix[n]e_j”", x[n]= %I_/;X(ej”)ejmda)

x[n]o X, (™)
x> X, ()

F . .
ax,[n]+bx,[n]<> aX,(e’”)+bX,(e’”)
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Time shifting and frequency shifting

X(e®) = ix[n]e_j”", x[n]= %‘E;X(ej”)ej"’”da)

F .
x[n]<> X (e’”)
F . .
x[n—n,lee X (e’”)

e’ ™" x[n] <5> X(ej(CH"0 ))
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Time reversal

X(e®) = ix[n]e_j”", x[n] = %‘E;X(ejw)ejmda)

x[n](iX(eja’)

x[—n] i) X(e?)

18 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY




The convolution theorem

X(e®) = ix[n]e_j”", x[n]= %‘E;X(ej”)ej"’"da)

A[n] s X (e'”)

h[n] <> H (')

yIn]= Y x[klhln— k1= x{n]* hin]

k=—

Y(e/*) = H(e") X ()
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The modulation or Windowing theorem

X(e®) = ix[n]e_j”", x[n]= %‘E;X(ej”)ej"’"da)

A[n] <> X ()

Wil W ()

yn]= x[n]wln]

Ye)y=t [" x(e”yw(e')do
2 7
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TABLE 2.2 FOURIER TRANSFORM THEOREMS

Sequence Fourier Transform
x[n] X (/@)
y[n] Y(el®)
L. ax[n] 4 by[n] a X (i) + bY(ei)
2. x[n—ng]  (ngan integer) emJend X (glw)
3. l"(“ﬁ”,‘{[ill X(ej(m—wn))
4. x[-n] X(e—io)
X*(el¥) if x[n] real.
5. naf] X
dw
6. x[n] = y[n] X(e/?)Y(el®)
7 i ! ! i0 lw—o
- x[n]y[n] il X () y(e/@)gp
27 .
Parseval’s theorem:
& 7
8. Z 1x[n])> = *3 | X (/) *dew
' it
H=—o0 e
o0 ] e
9. Z x[n]y*[n] = o / X(ej‘”)Yx(E“”)dru
n=—oc TS
1IG UNMIVERSITY
TABLE 2.3 FOURIER TRANSFORM PAIRS
Sequence Fourier Transform
1. 8[n] 1
2. 8ln —ng) e Jwno
.
31 (—¢ < n <o) Z 27 8(w + 2mk)
k=—sa
_1 A { l ]
ca"uln] (lal <= 1) e
5. uln) g : — o X mhw + 2wk)
k o
1
6. (n+ Da"uln] (la] <= 1) [—m
o rTsinwp(n + 1) _— 1
7. 75_111(% —uln] (Jr] <1) T—2Zr e coswpe—1% + rlg— 1w
8, sin w-n Yoy — { I, |w| = )
T 0, o < |w ==
0. xjn]=d L 0=n=M sin[w(M + 1)/2] e
. x[n 0, otherwise sin{e/2) ‘

10, glwon E 2nd(w — wo + 2 k)

k=

\
11. cos(woh + ¢) 2 [re'8(w — wo + 2k} + me™ P E{w + wy + 2wk)]
& o

s UNIVERSITY




Example

= Determining a Fourier transform using Tables 2.2
and 2.3

x[n] = a"u[n-5]
= Solution

1
1-ae™”
x,[n]=x,[n—-5] (i.e.=a" " u[n-5])

x,[n]= a"u[n](in(ej”) =

_'5
e’

1-ae™”
x[n] = a’x,[n] (i.e.=a"u[n-5))

5 —-Jj5
a’e >

X () =X, () =

X (/) = .
™) l-ae™®
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Part II-A: Z-transform

m Fourier transform and frequency response
= z-transform

o Z-transform

o Properties of the ROC

o Inverse z-transform

o Properties of z-transform

24 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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Limitation of Fourier transform

Fourier transform

X(e®) = ix[n]e_j”", x[n]= %I_/;X(ej”)ej"’"da)

Condition for the convergence of the infinite sum
| X (™) =] 2 oalnke ™ |< Y| aln]lle™™ | < Y| x[n]|< o

If x[n] is absolutely summable, its Fourier transform exists
(sufficient condition).

Example x[nl=a"uln] |alkl: X(e/®)= 17.
1-ae™’”
a=1: X(e/)= =T k;cna(m 27kc)
|al>1: No
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z-transform
Fourier transform
X(e™)= Y x[n] ”
z-transform
o A
X(z)= D xn]lzT x[n]<> X (z)

The complex variable z in polar form 7z = ye/®

X(@) =X (e = Y alnl(re™) " = X Gl e
zl=r=1 X(z)=X(e)
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z-plane

z-transform is a function of a complex
variable - using the complex z-plane

Fm z-plane Z-transform on unit circle

z=elv

Unit circle <-> Fourier transform

?/
N
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Linear frequency axis in
Fourier transform

—>Unit circle in z-transform
(periodicity in freq. of
Fourier transform)

Figure 3.1 The unit circle in the
complex z-plane.

AALBORG UNIVERSITY

Region of convergence — ROC

Fourier transform does not converge for all

sequences . ® .
X(eja)) — Zx[l]eajam
n=-w
z-transform does not converge for all sequences or
for all values of z.

0

X(2) = X (re’?) = Zx@ z"= i(x[n]r;n Yo/

n=—00

ROC - for any given seq., the set of values of z for
which the z-transform converges

D x[nlr " < 0 > | x[n]| @‘” <o  ROCisring!
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ROC

Outer boundary is a circle (may extend to infinity)
Inner boundary is a circle (may extend to incl. origin)

If ROC includes unit circle, Fourier transform
converges

Im z-plane
/-V/";_d— “\\\
.. N

y ,___; \\
A5 A \
i / \ \\
fo— ; .  Figure 3.2 The region of convergence
@ / | (ROC) as a ring in the z-plane. For
X e _,/ / specific cases, the inner boundary can

X - 4 extend inward to the origin, and the ROC

N e becomes a disc. For other cases, the
N il outer boundary can extend outward to
infinity.
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Zeros and poles

The most important and useful z-transforms —
rational function:

P(z)
0(2)

P(z)and Q(z) are polynomialsin z

X(z)=

Zeros: values of z for which X(z)=0.
Poles : values of z for which X(z) is infinite.
Close relation between poles and ROC

30 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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Right-sided exponential sequence

z-plane

x[n] = a"ul[n]
X(z)= ia"u[n]z_ Z(az

= ROC
zl azfl In
n=0

= z-transform

Unit circle

& _ 1 z
X(z)=2 (az )" = 5= .z al
=0 l-az z—a
z 1
u[n]<> - |z|>1
1-z
31 Digital Signal Processing, 11, Zheng-Hua Tan
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Left-sided exponential sequence

x[n]=-a"u[-n-1]

X(z)=- ia"u[—n -1z

-1 0
=— Zanz’" =1- Z(a’lz)"
n=-on n=0
u ROC Fm z-plane

- Unit circle
Z| a’'z|" <o
n=0

= z-transform o=

1 z
X@) === . zKal
l-az z—a
Figure 3.4 Pole—zero plot and region of convergence for Example 3.2
32 Digital Signal Processing, 11, Zheng-Hua Tan

AALBORG UNIVERSITY

16



Sum of two exponential sequence

Al = €)"uln]+ (-3)"uln]
X(2) =§(%z*)" +§(—%z*)" - -

1
1 . 1 ZZ(Z—E)
1—%2’1 1+%z’1 (z—%)(z+%)

| z |> — Figure 3.5

2 and the sur
() 1/(1 4
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Sum of two exponential sequence

Another way to calculate:

xDﬂ=(%YuDﬂ+(—%YuM]

; 1
()" uln] & vzl
1 4 2
1-—z
2
. 1 1
(- unlo—— Iz
1+ -z
1., 1., | 1 1
) u[n]+(—§) uln]e>—7——+ 125
1-=z%' 1+2z7
2 3
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Two-sided exponential sequence

)= ()" ul) - ) ul-n-1) e

1., z 1 1
(—5) ulnlo>—m—, |z |>§ ) do  UEEL
1+§z’1 -k

z 1 1
O un-16—7—, 12k
2 1_52—1

Figure 3.6 Pole-zero plot and region of convergence for Example 3.5

1 N 1 1 1
1+1271 1—127l
3

X(2)=
2
22(2—%)

1. 1.
(z _E)(Z+ g)
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TABLE3.1  SOME COMMON z-TRANSFORM PAIRS

Sequence Transform ROC
1. &[n] 1 All z
. 1
2. uln] = HES!
3. —tu|-n-1] l—] i Izl <1
4. 8[n—m) z All z except 0 {(if m = 0)
oroc (ifm <0

5. a"uln) . = lz| = |a

1 -az o
6. —a"ul—n — 1] ! Iz < la|

1 =az-1 .

-1

7. na"uln] & 7] = la|

e i |z] = la|
8. —na"u[—n -1 == - |

I (1—az"1)2 L
= alz!

9. [cos wynjuln] _ 1-leosmolz™! ol > 1

1 = [2cosmy)z~1 + -2
10, [sin esgn]ue[n] —_ [SmLul‘_-.—- zl =1

1 =[2coswo)z! + z-2 )

1 — [reoswp)z

11 [r" cos wonu|n]

1-[2r cosaglz ! + 1272 Ll
s 1
' ¥ sin gz
12. [r" sin won]u[n) —_— Laugale —5 el =>r
I —[2rcosap)z=1 + r2z2
13 18" 0=2asN-1  1-aVgV
T 10, otherwise T—az 1 lz1=0

__ AALBORG UNIVERSITY
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Part II-B: Properties of the ROC

m Fourier transform and frequency response

m z-transform
o Z-transform
o Properties of the ROC
o Inverse z-transform
o Properties of z-transform
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PROPERTY 1: The ROC is a ring or disk in the z-plane centered at the origin; i.e.,
O<rr<|z| <rp < oo.

PROPERTY 2:  The Fourier transform of x[n] converges absolutely if and only if
the ROC of the z-transform of x[n] includes the unit circle.

PROPERTY 3: The ROC cannot contain any poles.

PROPERTY 41 If x[n]is a finite-duration sequence, i.e.,a sequence that is zero except
mafinite interval —oco < Ny <n < N, < oo, then the ROC is the entire z-plane,
except possibly z = 0 or 7 = .

PROPERTY 5: If x[n] is a right-sided sequence, i.c., a sequence that is zero for
n < N; < oo, the ROC extends outward from the ourermost (i.e., largest
magnitude) finite pole in X (z) to (and possibly including) z = co.

PROPERTY 6:  If x[n] is a lefi-sided sequence, i.e., a sequence that is zero for n >
N3 > —00, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X(z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC will consist
of a ring in the z-plane, bounded on the interior and exterior by a pole and,
consistent with property 3, not containing any poles.

PROPERTY 8:  The ROC must be a connected region.
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Properties of the ROC

= The algebraic expression or
pole-zero pattern does not
completely specify the z-
transform of a sequence »>
the ROC must be specified!

= Stability, causality and the
ROC
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Part II-C: Inverse Z-transform

m Fourier transform and frequency response
= z-transform

o Z-transform

o Properties of the ROC

o Inverse z-transform

o Properties of z-transform

40 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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Inverse z-transform

Needed for system analysis: 1) z-transform,
2) manipulation, 3) inverse z-transform.

Approaches:
o Inspection method
o Partial fraction expansion

41 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY

Inspection method

By inspection, e.g.

1
X(z)=( 1 ) lz|>—
1-=-z7
2
Make use of
Su) ). |zBlal
—az

)= Gl
if |z %? of course, x[n]= —(%)"u[—n -1

42 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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Partial fraction expansion

For rational function, get the format of a sum
of simpler terms, and then use the inspection
method.

43 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY

Second-order z-transform

1
X(z)= z]>= M
3 = 1 2 2 B
l—Zz +82 . ;ka k
X(Z): 1 1 X(Z): Aﬁ/ k
Q-T2 L- 2 D4z
4 2, k=0
M
X(z)= 1l . + 12 B b Z(l—ckz’l
(-2 -5z X(e)= 24
1 0% (1-d,z*
AI:(].—ZZ 1)X(Z) |.oye=—1 kZ;( = )
A==t x ) Lm2 X()=Y %
2 2 z=1/2 z)= k:ll_dszl
=T
(1—2271) (1—5271) A4, = X(z)(l—dkz_l) |z:dk
1., 1.,
] = 20 uln]~ () uln]
44 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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What about M>=N?

1, -2
X(z)=122z—+12, |z|>1
1-Zzt4 =272
2 2
X(2) =By +— 8 4

_+_
1,y -2
52"

B, =2 Found by long division.

1 _
4 = (1_52 1)X(Z) |z:l/2: -9

4, =01-z7)X(2)].,=8

X(z)=2- J + 8 .
(1_12—1) 1-z7)
2
45 Digital Signal Processing, 11, Zheng-Hua Tan

1+ 2712
X(2)= 5_ )
1-=zH@-z1
2

1 3 2
Ezfz —Ezfl +1)z%24+2z1 41
z?2-3:142
~5z71-1

x[n] = 25[n] —9(%)”u[n] + 8u[n]

AALBORG UNIVERSITY

Finite-length sequence

X(z)= 22(1—221)(“ )1z

X(2)=2z* —lz—1+EZ’1
2 2

ﬂﬂ:5M+ﬂ—%5h+ﬂ—ﬂﬂ+%§h—ﬂ

46 Digital Signal Processing, 11, Zheng-Hua Tan

AALBORG UNIVERSITY
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Part II-D: Properties of Z-transform

m Fourier transform and frequency response
m z-transform

o Z-transform

o Properties of the ROC

o Inverse z-transform

o Properties of z-transform

47 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
Linearity
A ©
x[n]<> X,(z), ROC=R, X(z)= ZX[n] -

zZ
x,[n]«> X,(z), ROC=R,_

= Linearity

zZ
axy[n]+ bx,[n] <> aX,(z) +bX,(z), ROCcontainsR, "R,

, at least
1
u[n]< - lz>1
1-z
z Gt
u[n—l](—)l_ - |zp1
z1-z"
u[n]—u[n—l]zé'[n](—)l_ =1 All z
48 Digital Signal Processing, Il, Zheng-Hua Tan AALBORG UMNIVERSITY
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Time shifting

0

A
x[n—ny]>z"X(2), X(z)= Zx[n] -
ROC =R, (except for 0 or ) it

Example X(z):il, |z|>%

z—=

z? _ 1
X()=—F =)
1-=z7 1-=z
4

1 z
()"uln] <>
4 1_1,1

4
T R

1
)
1-=z1
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Multiplication by exponential sequence

zgx[n]i)X(z/zo), ROC =|zyR, X(z)= ix[”] S

: F ) n=—so
e"w‘)nx[n](—)X(e"(w_%))
Examples
z 1
u[n]<> = |z|>1
1-z
u Z 1 1
a"u[n]<> - = - |z]>a
1-(z/a) 1-az
l jeg \ n l —jog \n
x[n] = cos(wyn)u[n] =E(e’ °) u[n]+5(e 10y yn]
1 1
— _ =)
X(@)=—2 g2 {esez) o
1-e¢/*z7 1-e/™z" 1-2C0S@z +z
50 Digital Signal Processing, 11, Zheng-Hua Tan

AALBORG UNIVERSITY
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Time reversal

ool

f[-n]<> X (1/z), ROC =1/R, X(2)= 3ol =

Example

x[n]=a "u[-n] x[n] =a"u[n]

1 0 1
X2)=———, |z|da X(z)= - |z[>lal
()= lzKla’] =
51 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY

Convolution of sequences

V4 0
x,[n]* x,[n] > X, (2) X, (2), X(z)= Zx[n] -
ROC contains R, "R, i
Yo L 1
Example (Z)_l_i RS
1., 2"
] = ) uln] HE= 1 |zp1
4
e re) - |2
? = =
y[n] " (1_72—1)(1_2—1) 2
2
1 1 n+l 1 1 1
= ) 2
1-= I 1
2 -3 =527
52 Digital Signal Processing, 11, Zheng-Hua Tan AALBORG UNIVERSITY
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TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property Section
Number  Reference Sequence Transform ROC
x[n] X(z) Ry
vi[n] Xi(z) Ry
vau] Xa(z) R,
3.4.1 axy[n] + bxa|n) aXy(z)+ bXa(z) Contains R, N R,,
5 + 4 o S i
2 342 v — ng) X (z) R, except for the possible
addition or deletion of
the origin or oc
343 zhx[n] X(z/zo) zg| Ry
4 d . dX(z)
344 nxln| T e R, except for the possible
az +
addition or deletion of
the origin or ac
345 a%[n] X*'(z") R,
: 1
6 Relx[n]} =[X(z) + X*(z*)) Contains R,
- s : [ -
Tmix[n]} _J-I_-|.\€.‘J X*(z")] Contains R,
g 346 x*[-n) X*(1/z%) 1/ Ry
g 147 P - .
) 34.7 xi[n] * xa(n] X1(z) Xa(z) Contains R, M K.,
10 348 Initial-value theorem:
i[n]=0, n<0 lim X(z) = x[0]
I-+0C

Summary

Fourier transform and frequency

response

o Frequency-domain representation of discrete-time

signals and systems
o Fourier transform theorems
z-transform
o Z-transform
o Properties of the ROC
o Inverse z-transform
o Properties of z-transform
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Course at a glance

Discrete-time
signals and systems

System
analysis

MM3

MM1 System

Sampling and
reconstruction

Fourier transform
and Z-transform

Filter design

MM5
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