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Part I: z-transform

z-transform

Properties of the ROC
Inverse z-transform
Properties of z-transform
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Limitation of Fourier transform

= Fourier transform _ » _
X)) = Zx[n]e”"”7
x[n] = ir X(e)e'™dw
2m °7

Condition for the convergence of the infinite sum

| X&) =) Xl 1€ Yl alnl e | € Y[ afn] | <0

If x[n] is absolutely summable, its Fourier transform exists
(sufficient condition).

« Example Al=auln] ekl X =
a=1: X(e")=——+ 3 m5(o0+21k)
1-e7" =,
lal>1: -
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z-transform

Fourier transform

X(e') = ix[n] "

z-transform

X(2)= Y aln] @ An] s X (2)

n=-o0

The complex variable z in polar form  z = ye’®
X(@) =X () = X alnllre™) " = 3 (e
lzZl=r=1 X(z)=X(e")
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z-plane

z-transform is a function of a complex
variable - using the complex z-plane

Fm z-plane Z-transform on unit circle

z=el®

Unit circle <-> Fourier transform

-
.
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Linear frequency axis in
Fourier transform

->Unit circle in z-transform
(periodicity in freq. of
Fourier transform)

Figure 3.1 The unit circle in the
complex z-plane.




Region of convergence — ROC

Fourier transform does not converge for all
sequences e

X(e-iw) — Zx[in]eaiwn

z-transform does not converge for all sequences or
for all values of z.

X(Z) = X(rejw) — _ixm ifn — _i(x[n]ri—n)e—ja}n

ROC - for any given seq., the set of values of z for
which the z-transform converges

Zl x[n]r™" |< Z| x[n]| @‘" <o  ROCisring!

n=—0 - —
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ROC

Outer boundary is a circle (may extend to infinity)
Inner boundary is a circle (may extend to include the
origin)

If ROC includes unit circle, Fourier transform
converges

Fm ;;pl:me
i - \\
/f‘/; : Nilg‘j-\\\
i e,
. .4 A \
i ’f \ \ .
e i 5.  Figure3.2 The region of convergence
! N gy (ROC) as a ring in the z-plane. For
L . ALy specific cases, the inner boundary can
e extend inward to the origin, and the ROC
N hecomes a disc. For other cases, the
il outer boundary can extend outward to

infinity.
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Zeros and poles

The most important and useful z-transforms —

rational function:
P(z)

X(z)=——=

) 0(z)

P(z)and Q(z) are polynomialsin z

Zeros: values of z for which X(z)=0.
Poles : values of z for which X(z) is infinite.
Close relation between poles and ROC
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Right-sided exponential sequence

x[n] = a"u[n]

X(2)= ia”u[n]z’”
— i(az—l)n
n=0
ROC
il az | <o
n=0

z-transform

z-plane

__Unit circle

i 1 z
X(2)= az )" = = , z[>la
@=2@ == 1Pl
z
u[n]<> - [z|>1
1-z
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Left-sided exponential sequence

x[n]=—-a"u[-n-1]

X(z)=- ia"u[—n -1z

-1 0
=—>a"z" :1—Z(a_1z)”
=—0 n=0

n
u ROC m z-plane
o | Unit circle
> a’lz|" <o
n=0

= z-transform

1 z
X(z)= == . zKlal |
l-az —a |
Figure 3.4 Pole—zero plot and region of convergence for Example 3.2
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Sum of two exponential sequence

] = €)"ul]+ (-3)"ul]

X@=i§fW+§e§fr - -

n=0
1
! . 1 ZZ(Z—E)
l—lz’1 l+lz’1 (z—%)(z+%)
= ROC

1 4 1, 4
- <land|(-= <1
IZZ I | ( 3)2 I

Iz Land|z >
2 3

Iz 1 434 G o o
Z - (b} 171 + 52
2
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Sum of two exponential sequence

Another way to calculate:

xln] = (%)"u[n] 4 (—%)"u[n]

" 1
()" uln] <> vz
1-=z7 2
" g 1
(=3) uln] , |Z|>§
1+-z*1
1., 1., .. 2 1 1 1
Q)]+ () o ——+—— |z
1-=z1 1+=z7
2 3
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Two-sided exponential sequence

1 1
x[n]=(=2)"uln]- (=) u[-n-1
[n]=( 3) [n] (2) [-n-1] - ]
1 z1 1
CuS—1— 1k e
3 1+=z 3 3 fESes o e
7 \\\. P //;
~Eyun-nS——, 2l
2 1 1 -1 2
-=z
2 Figure 3.6 Pole-zero plot and region of convergence for Example 3.5.
X()= i |zb . |zl<s
1+2z70 1-=27 _ 3 2
! 2
27(z——
z(z 12)

-1, 1.
(Z—E)(H‘g)
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Finite-length sequence

a", 0<pn<N-1

)

x[n]=

. Fm z-plane
01 OtherWISe 15th-order pole ST
\ _Unit cirele
N-1 N-L ) e
_ -1 -
X(@)=Ya's" =Y (Y “
n=0 n=0 B -y
e
_ N N
1-(az ™M) 1 z"—a “
= 1 N4
1-qgz " z—a |
N-1
ROC Zl azt |” <® Figure 3.7 Pole-zero plot for Example 3.6 with & = 16 and a real such that
0 < a < 1. The region of convergence in this example consists of all values of z
n=0 except z = 0.

|al<oo and z=0

zk:aej(z’d"N), k=01..N-1
poleatz =a
zk:aej(z’”‘/N), k=1...N-1
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TABLE3.1  SOME COMMON z-TRANSFORM PAIRS

Sequence Transform ROC
1. &[n] 1 All z
1
2. uln| ]_—:_ lzl = 1
- 1
3. —u[-n-=1] =t Izl = 1
4. 8[n —m] Fa All z except 0(if m = ()
or oo (if m < 0)
5. a"uln] - N 12l > |a
1=az h
6. —a"u[—n—1] L Iz| =
—ar z| = |a|
7. na'un] oz}
' (—az 1) K= ol
8 —na"u[—n -1 —t - zl = |a|
f U—az 1y Sl
_ 1.1
9. [cos won]ulx) L - [cosap]a’ = Jzl = 1
1 - [Zcosewq)z~1 + 272
10, [sin won |uln] [sin ]z |z| =
1 —[2cosmwplz! + 22 )
1. [+ cosawonluln] 1= [ cos o] Izl > r
12, [r" sin won]u[n) l=r
13. 171> 0

0.  otherwise 1-—az-1

{n’”. D=<n=N-=1, 1—g¥z-N
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Part II: Properties of the ROC

z-transform

Properties of the ROC
Inverse z-transform
Properties of z-transform
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PROPERTY I: The ROC s a ring or disk in the z-plane centered at the origin; i.e.,
Osrr<|zl <r; < oc.

PROPERTY 2:  The Fourier transform of x[n] converges absolutely if and only if
the ROC of the z-transform of x[#] includes the unit circle.

PROPERTY 3:  The ROC cannot contain any poles.

PROPERTY 4. If x[n]is a finite-duration sequence, i.e..a sequence thatis zero except
inafiniteinterval —co < Ny <n < N, < oo, then the ROC s the entire z-plane,
except possibly z= 0 or z = oc.

PROPERTY 5. If x[n] is a right-sided sequence, i.e., a sequence that is zero for
n < Np < oc, the ROC extends outward from the owrermost (i.e., largest
magnitude) finite pole in X (z) to (and possibly including) z = occ.

PROPERTY 6: If x[n] is a left-sided sequence, i.c., a sequence that is zero for n >
N> > —o0, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X (z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC will consist
of a ring in the z-plane, bounded on the interior and exterior by a pole and,
consistent with property 3, not containing any poles.

PROPERTY 8: The ROC must be a connected region.




Properties of the ROC

The algebraic expression
or pole-zero pattern does
not completely specify
the z-transform of a
sequence - the ROC
must be specified!

Stability, causality and
the ROC

19 Digital Signal Processing, 111, Zheng-Hua Tan, 2006 coresg

Part III: Inverse z-transform

z-transform

Properties of the ROC
Inverse z-transform
Properties of z-transform
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Inverse z-transform

Needed for system analysis: 1) z-transform,
2) manipulation, 3) inverse z-transform.
Approaches:

o Inspection method

o Partial fraction expansion

o Power series expansion
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Inspection method

By inspection, e.g.

1 1
X(Z):(g)’ |Z|>E
2
Make use of
a"u(n) H(l—az’l)’ |z[>|al

0] = 'l
if |zl 1? of course, x[n]= —(E)"u[—n -1]
2 2
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Partial fraction expansion

For rational function, get the format of a sum
of simpler terms, and then use the inspection

method.

AALBORG UNIVERSITY
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Second-order z-transform

X(z)=ﬁ, |zl>% ibszk
X — X@)=g—
a-tz9a-1: 2 a2
4 2 k=0
Y@= b >-a
(1—22 ) (1—52 ) X(Z):a*kzv:lil
Alz(l_%Tl)X(Z) |.oya=—1 0 ;(1_‘{1{2 )
N
4, = (1_%271)/\](2) |..1/=2 X(z)= ;1—2::2_1
XE ]
(1—2271) (1—5271) AkZX(Z)(l_dkzil) |z:dk

xln] = 2(%)"u[n] - (%)"u[n]
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What about M>=N?

1, -2
X(Z):l-;Zz—-i-lz' |z]>1
1-Zz7t 42272
2 2
X(z)=B,+ ! + AZf
1 _ 1-z71)
-z @2

2

B, =2 Found by long division.

1
4, = (1_52 1)X(Z) |z:l/2: -9

4, =01-2z7)X(2)].,=8

9 8
X(z)=2-
) (1_£Z—l)+(1—271)
2
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1+2z71)?
X(z)= Z(L )
(1—52"1)(1—2"1)
1, 3 2 1 2
EZ —EZ +1)z7°+2z7+1
z2_-3:142
-5z71-1

x[n] = 26Tn] - 9(%)”u[n] +8un]

AALBORG UNIVERSITY

Power series expansion

By long division

X@)=r—— 1zPlal
1+az ' +a’z % +...
1—az’1>1
1-az™
az™
azt—a*z?
a’z 2.
1 i 5 =l+az +a’z % +...
—az

x[n] = a"uln]
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Finite-length sequence

X(z)= 22(1—%2-1)(1+ 21—z

X(z)zzz—lz—l—i-EZ’1
2 2

] :5[11+2]—%5[n+1]—5[n]+%5[n—1]
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Part IV: Properties of z-transform

z-transform

Properties of the ROC
Inverse z-transform
Properties of z-transform
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Linearity

x[n]&>X,(z), ROC=R, o

A
x,[n]«> X,(z), ROC=R,_

= Linearity

zZ
axi[n]+ bx,[n] <> aX,(z) +bX,(z), ROCcontainsR, "R,

, at least

1

u[n](—)l - lz>1

z
u[n—l](—)l_ - |zp1
zZ1-z1
u[n]—u[n—l]=5[n]<—>l =1 All z
—Z
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Time shifting

VA @
x[n—ny]e>z7"X(z), B Zx[n] :
ROC =R, (except for 0 or ) sk

1
= Example X@)=—1. Iz
=
1
X() == )
1--z7 1--z7
4 4
1,, z 1
()"uln] o
4 1 1,
-~z
4
z
G uln =115 21 —)
4 — 14
1--z
4
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Multiplication by exponential sequence

VA ©
sl X(z/2), ROC=IzR, | x(5)= Sxin] =

. F .
eij”X[l’l] PEN X(e/(w*wo))

= Examples

A
u[n]<> = |z|>1

1 1
1-(zla)" 1-az

Z
a"u[n] <> , |z|>a

] = cos(@ynyuln] = % (/) un] + % (e Y u[n]

1 1
2 2 1-Cos @,z
X(Z) = jz(u -1 —%{u -1 = ( 0_1 ) 21 |Z |>1
1-e/*z7 1-e/®*z7 1-2c0swyz +z
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Differentiation of X(z)

nx[n] (i)— Zd)z—(z), ROC = Rx X(Z) = n;gx[n] z

= Example  y(;)=logl+az?), |z]5|a]
dX(z) -—az’?
dz  l+azt
Z dX(z) az™

nx[n]<>—z z[>a
L] dz 1+az’ |z Plal
nx[n] = a(—a)" ‘u[n-1]
al=a n-1
x[n]= ﬁu[n -1]
n
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Conjugation of a complex sequence

x*[n]é)X*(z*), ROC =R, X(z)= n;x[n] 2
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Time reversal

X[—n]<i>X (1/z), ROC =1/R, X (Z)=n;x[n] -

= Example
x[n]=a"u[-n] x[n] = a"uln]
1 o Y(z) = 1
X(z)=——, |z|<la"| (2)=——= zP]al
l-az l-az
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Convolution of sequences

Z o0
x,[n]* x,[n] > X, (2) X, (2), X(z)= Y xln] =
ROC contains R NR, -

1 1
= Example X(Z)=l_1271, 125
1 2
] = ()" uln] RS
Hn] = uln] oy .
N Y(@)=— |z
y[n] : (1_%2—1)(1_2—1) 2
1 1 n+l 1 1 E
Mnl=—=@ln]=(5)" uln]) __ __2 2
1 2 1V(1_ 1 1
1-5 1-- @=27) g~
2 2
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Initial-value theorem

x{0] = lim ¥ (2) . =ix[n] z

lim X (z) = lim Y x[n] "

= Zx[n] lim z™"
oo z—0

= x[0]
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TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property Section
Number  Reference Sequence Transform ROC
x[n] X(z) R,
xi[n] Xi(2) R,
xaln] Xa(z) R,
34.1 axy[n] + bxa[n] aX(z) + bXa(z) Contains R,, 1 R,,

2 342 x[n — ng) X(z) Ry, except for the possible
addition or deletion of
the origin or oc

3 343 zfix[n] X(z/z0) |zol R,

. dX(z) i} .

4 344 nxln] = R, except for the possible

= addition or deletion of
the origin or ¢

5 345 x*n] X*(z*) R,

Lne . - .

6 Re(x[n]} 5[ X(2) + X*(z*)] Contains R,

- | = .

Tmix[n]} —[X(z) - X*(z*)] Contains R,

=]
8 REX x*[=n] X*(1/2*) 1/R,
] 3.4.7 xy[n] % xa[n) X2 X:(2) Contains Ry, N Ky,
10 348 Initial-value theorem:

x[n] =0, n<0 lim X(z) = x[0]
I-+0C

Summary

m z-transform

= Properties of the ROC

= Inverse z-transform

= Properties of z-transform
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Course at a glance

Discrete-time
signals and systems

MM1

Fourier-domain
representation

MM3

MM9,MM10
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Sampling and
reconstruction

MM4

MM5

MM7

System

System
analysis

MM6

Filter

Filter design
MM8
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