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Digital computation of the DFT

The DFT of a finite-length sequence of length N

N-1

X[k]=) x[nWy", k=0,..,N-1
n=0
= The inverse DFT
N-1
x[n]= LZX[k]WA}k”, n=0,1,.,N-1
N k=0

= Due to the duality, focus on the DFT only.

= Use the number of arithmetic multiplications and
additions as a measure of computational complexity.

= Fast Fourier transform (FFT) is a set of algorithms
for the efficient and digital computation of the N-
point DFT, rather than a new transform.
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Part I: Direct computation of the DFT

= Direct computation of the DFT

s Decimation-in-time FFT algorithms

m Decimation-in-frequency FFT algorithms
m Fourier analysis of signals using the DFT
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Direct computation of the DFT

The DFT of a finite-length sequence of length N

Zx W, k=0,,.,N-1 § > X[k]

Direct computation: N2 complex multiplications and
N(N-1) complex additions

o Compute and store (only over one period)
Wy =e /%

=cos(27k / N)+ jsin(2ak/ N), k=0,1,..,N—1
= Compute the DFT using stored W]f,‘ and input x[n]

Zx wy', k=01..,N-1

W; and x[ ] may be complex
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Direct computation of the DFT

For each k
X[k]= Y [Re{x[n]} Re{Wy"} — (Im{x[n]} Im 7" })

+ j(Re{x[n]} Im Wy + Im{x[n]} Re (")),  k=0,1,..,N—1

Therefore, for each value of k, the direct computation
of X[k] requires 4N real multiplications and (4N-2)
real additions.

The direct computation of the DFT requires 4N’

real multiplications and N(4N —-2) real additions.

The efficiency can be improved by exploiting the
symmetry and periodicity properties of W,”
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Symmetry and periodicity of complex exponential

= Complex conjugate symmetry
W = = ) = Re iy} = jIm 7y}
= Periodicity in n and k
levm _ WA/;(}’HN) _ WA(/HN)n

= For example
Re{x[n]}Re{W,"} +Re{x[N —n]}Re {1V "1
= (Re{x[n]} +Re{x[N —n]})Re{W\"}

o The number of multiplications is reduced by a factor of
2.
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Part I1: Decimation-in-time FFT algorithms

m Direct computation of the DFT

= Decimation-in-time FFT algorithms

m Decimation-in-frequency FFT algorithms
m Fourier analysis of signals using the DFT
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FFT

Cooley and Tukey (1965) published an algorithm for
the computation of the DFT that is applicable when
N is a composite number, i.e., the product of two or
more integers. Later, it resulted in a number of
highly efficient computational algorithms.

The entire set of such algorithms are called the fast
Fourier transform, FFT.

FFT decomposes the computation of the DFT of a
sequence of length N into successively smaller
DFTs.
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Decimation-in-time FFT algorithms

Where

o decomposition is done by decomposing the sequence
into successively smaller subsequences,

o and both the symmetry and periodicity of complex
exponential 7" = ¢™/*'"* are exploited.

Consider N =2" and separate x[n] into two (N/2)-

point sequences

N-1

X[k]=) x[nWy',  k=0,1..N-1
n=0

X[k]= D x[nwy + > nwy
neven nodd
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Decimation-in-time FFT algorithms

X[k]= D x[nWy" + > x[n]Wy’

neven nodd
(N/2)-1 (N/2)-1
= Yo x[2rt 4 D x2r 1
r=0 r=0
(N/2)-1 (N/2)-1
= Y x2rJW) Wy D x2r+1J(W)"*
r=0 r=0
(N/2)-1 (N/2)-1

= Y M2rW, Wy D x2r +1W,),
r=0 r=0

=Glk1+ W H[k], k=0,..,N-1
(only compute for k£ =0,1,..., N/ 2 —1) due to the periodicity
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Flow graph of the decimation-in-time

= Periodicity is applied, e.g. G[7]=GJ[3]
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o P Wy
x]|2] o—— N . 1 o X[1]
‘_) point \ / //11\'
“pE G[2 '
x[4o——1y,  DFT L GELN —, X[2]
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x[6] o—— / t[‘\]
Wi
x[1] o—— 0 X[4]
W
£[3] o—»— ) > % XT5
? point / \\\H«: Bl
x[5] o— s o Sox i
: fremeacte ~ox[6] Figure 9.3 Flow graph of the
H[2] Wy decimation-in-time decomposition of an
s N-point DFT computation into two
9 N - :
X [7] se——r] Hﬁ = o X[7] (N/2)-point DFT computations
3 /7

(N =8).




Decimation-in-time FFT

= Fu

rther break down
(N/2)-1 (N/4)-1 (N/4)-1

Glkl= Y glriwy, = D gl2iWyls+ > gl2l+1w 35"
r=0 =0 1=0

(N/4)-1 (N/4)-1

= z g[ZI]W]f,kM + W]\]/(/z z g2l + l]ij,kM
1=0 1=0

(N/4)-1 (N/4)-1

Hlkl= D R0 +Wy, D HR2I+1Wy,
=0 =0

x[0] o——

Gl
%’— point wo. o
DFE G[1]
_ G2 F|g|:|re 9.4 Flow graph of the
&~ point Win decimation-in-time decomposition of an
- (N /2)-point DFT computation into two
oG 3] (N/4)-point DFT computations

Win (N =8).

Combination of Fig. 9.3 and 9.4

x[0]) oo
:‘ point
x[4]< DFT
x[2]o— .
£~ point
x[6] DFT
x[1]e— .
-Il — point
¢[5]o—>—] DFT
¥[3]) oo ..
: - point
e DFT .
x[7] o= Figure 9.5 Result of substituting the
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structure of Figure 9.4 into Figure 9.3.
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2-point DFT

<[4]

DFT.
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Figure 9.6 Flow graph of a 2-point
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Flow graph
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log, N stages and
each stage has N
complex multiplications
and N complex
additions .

In total, ;y10g, N complex
multiplications and additions

e.g.
N=2"=1024

N* =1,048,576

Nlog, N =10,240

A reduction of 2 orders!
Figure 9.7 Flow graph of complete

decimation-in-time decomposition of an
8-point DFT computation.
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Flow graph of butterfly computation

(m—1)st mth
stage stage

(ot N Figure 9.8 Flow graph of basic
Wy hutterfly computation in Figure 9.7.

(m—1)st mth
stage slage
W Figure 9.9 Flow graph of simplified
DY butterfly computation requiring only one
=1 complex multiplication.
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Flow graph

= The number of complex multiplications are reduced
by a factor of 2 over the number in Fig. 9.7.

Figure 9.10  Flow graph of 8-point DFT
using the butterfly computation of
Figure 9.9.
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Part I1I: Decimation-in-frequency FFT algorithms

m Direct computation of the DFT

m Decimation-in-time FFT algorithms

= Decimation-in-frequency FFT algorithms
m Fourier analysis of signals using the DFT
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Decimation-in-frequency FFT algorithms

\

x[0] - - - 0 X[0]
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o——o X[1]

% i " Figure 9.20 Flow graph of complete
WL X|7]  decimation-in-frequency decomposition
&= of an 8-point DFT computation,
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Part I'V: Fourier analysis of signals using the DFT

m Direct computation of the DFT

m Decimation-in-time FFT algorithms

m Decimation-in-frequency FFT algorithms
= Fourier analysis of signals using the DFT
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Fourier analysis of signals using the DFT

= Finite-duration requirement of DFT - windowing

Anti-aliasing Co_nlinuou‘s-to—
T lowpass filter —> dlSCI‘EfC*l‘HnC > DFT p——
s.(0) x () conversion | x[n] vln] 4
Hoa(780)
w[n)

Figuye 10.1_ Processing steps in the discrete-time Fourier analysis of a
continuous-time signal.
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Fourier analysis of signals using the DFT

S8

Tapers off but is
not band-limited.

fx & Not ideal.

X.(j0)

Low-pass filtered
and modified.

» 1 & o 2
X (e’ ):FZXC(]?““JT)

2ar x @y 0 wp=0,T - 2w n, 2005 23
(d)

Fourier analysis of signals using the DFT

Windowing.
W)
| | \ |
—2ar - 0 T P E
V(efw)_— j X ()W (" ?)do © %%
m /Am o
o
T 2 (0]
’S — 27/ N)k (f)
Vik)= Zv[n]e @ik~ 01,...,N-1
n=0

. Figure 10.2 lllustration of the Fourier transforms of the system of Figure 10.1.

=V(€) | perarn (a) Fourier transform of continuous-time input signal. (b) Frequency response of

antialiasing filter. (c) Fourier transform of output of antialiasing filter. (d) Fourier

transform of sampled signal. (e) Fourier transform of window sequence. (f) Fourier

CTiF transflorm of windowed signal segment and frequency samples obtained using DFT
samples.




Effect of Windowing on
Fourier analysis

A rectangular window of length 64.

rigr transform of
€2 becomes progres

sines with
ransform of wi
fler. (b) 2 = (27 /6) =

windowed
{&) Fouri

s, (t) = A, cos(Qt +6,)) + 4, cos(Q,t+6,)

x[n] = 4, cos(w,n+6,)+ A, cos(wn+0,)

v[n] = A wn]cos(aw,n + 6,) + A w[n]cos(wn +6,)

V(ejw) — ﬁeﬂ% W(ej(w*wo))_i_ﬁe*i@o W(ej(w+wo))
2 2

A

+%e/‘5’1 W(ej(w’(”l))_,’_?le’j‘gl W(ej(w+w1))

rectangu-
dowed
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The DTFT of a sinusoidal signal

is a pair of impulses.

Windowing broadens the impulses
and reduces the distinction of
signals that are close in frequency

- - dw 2w 0 2w 4w
15 14 14 15

(c)
V(&)
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Figure 10.3 (continued) (¢) 2 = (2x/14) = 1%,y = (4x/15) = 10¢

(d)

(d) Qo = (22/14) = 104, 2y = (27/12) x 107, (&) 0 = (27/14) x 10°, @y
(47 /25) x 104,




Summary

= Direct computation of the DFT

= Decimation-in-time FFT algorithms

= Decimation-in-frequency FFT algorithms
= Fourier analysis of signals using the DFT
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Course at a glance

Discrete-time
signals and systems

MM1 System

System

analysis
Fourier-domain Sampling and
representation reconstruction MM5 MMG6

MM4 Filter design
MM7, MM8

MM3 MM9, MM10
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The end.

Thanks for your attention!
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